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Abstract 

K. Habiro gave a neccesary and sufficient condition for knots to have the same 
VassiHev invariants in terms of Cfc-move. In this paper we give another geometric 
condition in terms of Brunnian local move. The proof is simple and self-contained. 



1. Introduction 

A tangle T is a disjoint union of properly embedded arcs in the unit 3-ball B^. Here 
T contains no closed arcs. A tangle T is trivial if there exists a properly embedded disk 
in that contains T. A local move is a pair of trivial tangles (Ti,T2) with dTi = dT2 
such that for each component t of Ti there exists a component u of T2 with dt = du. 
Two local moves (Ti,T2) and (t/i,t/2) are equivalent, denoted by (Ti,T2) = {Ui,U2), if 
there is an orientation preserving self-homeomorphism ip : B^ ^ B^ such that ip{Ti) and 
Ui are ambient isotopic in B^ relative to dB^ for i = 1,2. 

A local move (Ti,T2) is trivial, if (Ti,T2) is equivalent to a local move (Ti,Ti). Let 
(Ti,T2) be a local move, and let ti,t2,...,tk and ui,U2, ..■,Uk be the components with 
dti = dui {i = 1,2,.. .,k) of Ti and T2 respectively. We call (Ti,T2) a k-component 
Brunnian local move {k > 2), or Bk-move, if each local move (Ti — tj,T2 — Ui) is trivial 
{i = 1,2,..., A;) [9]. If (Ti,T2) is Brunnian, then (T2,Ti) is also Brunnian. 

Let Ki and K2 be oriented knots in the oriented three-sphere S^. We say that K2 is 
obtained from Ki by a local move (Ti, T2) if there is an orientation preserving embedding 
h ■ B^ ^ such that {h-^{Ki),h-^{K2)) = (Ti,T2) and - h{B^) = K2 - h{B^) 
together with orientations. Two oriented knots Ki and K2 are Bk-equivalent if K2 is 
obtained from Ki by a finite sequence of i^^-moves and ambient isotopies. This relation 
is an equivalence relation on knots. 

We have the following geometric condition for knots to have same Vassiliev invariant. 
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Theorem 1. (cf. Goussarov-Habiro Theorem [4], [2]) Two knots Ki and K2 are 
Bi^i- equivalent if and only if their values of any Vassiliev invariant of order < / — 1 are 
equal. 

Remark. In [5], [6], they independently show that the i?/+i-equivalence classes coin- 
cide with the C;-equivalence classes. So the theorem above is same as Goussarov-Habiro 
Theorem. Although we can have Theorem 1 as a corollary of Goussarov-Habiro Theo- 
rem, we will give a self-contained proof of it. The author beheves that it is worth to 
do so, because our proof is simple and short, and the known proofs of Goussarov-Habiro 
Theorem [4], [2], [11] are rather comphcated. 

Let I be a positive integer and ki,...,ki{> 2) integers. Suppose that for each P C 
{1, Z} an oriented knot Kp in is assigned. Suppose that there are orientation pre- 
serving cmbcddings hi : ^ {i — 1, I) such that 

(1) h,{B'')nhj{B'') = (liifi^j, 

(2) Kp — hi{B^) = Kpi — \j\=ihi{B^) together with orientation for any subsets 
P,P'C{1,. ..,/}, 

(3) {h~'^{K%),h~^{K{i^_^i^)) is a Bk-m.ove {i = I,..., I), and 

(4) irpn/..(i?3) = |^{w}nM5^) ifieP, 

^ ^ ^ \ n hi{B^) otherwise. 

Then we call the set of oriented knots {Kp\P C {1,...,^}} a singular knot of type 
B{ki, ki). Let JC be the set of knots, A an abelian group, and (y? : /C A an in- 
variant. We say that ip is a finite type invariant of type B{ki, ki) if for a singular knot 
{Kp\P C {1, /}} of type B{k,, k), 

J2 i-ir^viKp)^OeA. 
pc{i,...,0 

Since a 52-move is realized by some crossing changes we have that an invariant (p : fC ^ A 
is a finite type invariant of type .5( 2, 2 ) if and only if it is a Vassiliev invariant of order 

I 

<l-l. 

In order to prove Theorem 1, we need the following theorems. 

Theorem 2. (cf. [4, Theorem 5.4]) The B^- equivalence classes, denoted by IC/B^, of 
oriented knots in forms an abelian group under connected sum of oriented knots. 

Theorem 3. (cf. [11, Theorem 1.2]) Let l{> 2) and ki, ki{> 2) be integers, and 
k — 1 = (/ci — 1) + ■ • ■ + (fc; — 1). Then the projection : /C — >• /C/-Bfc is a finite type 
invariant of type B{ki, ...,ki) . 

Remark. Since a C^-move is a fifc+i-move. Theorem 2 follows [4, Theorem 5.4]. The- 
orem 3 is similar to [11, Theorem 1.2]. In order to give a self-contained proof of Theorem 
1, we will give self-contained proofs of Theorems 2 and 3. Although the outlines of the 
proofs of Theorems 2 and 3 are same as those in [4] (or [10], [11]) and [11] respectively, 
our proofs are simpler than theirs. 
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2. Band description 



Let (Ti, T2) be ^-component Brunnian local move. Let T C -B^ be the trivial /c-string 
tangle illustrated in Fig 1, and D a disjoint union of k disks bounded by T and arcs in 
dB^ (see Fig 2). Note that (Ti,T2) is equivalent to a local move {S,T). Then the pair 
{S, dD — T) is said to be Bk-link model (see Fig 3). 




Fig. 1 Fig. 2 




Bk-\mk model 

Fig. 3 

Let (oj, (3i) be i?p(j)-link models {i = 1, /), and K an oriented knot (resp. a tangle). 
Let ipi : ^ (resp. ijji : B^ ^ intS^) be an orientation preserving embedding for 
i = and &i,i, &i,2, fci,p(i), &2,i, ^2,2, &2,p(2), fe«,2, fei,p(0 mutually disjoint 

disks embedded in (resp. B^). Suppose that they satisfy the following conditions; 

(1) V^,(s3)n^,(53) = 0if^^j, 

(2) ipi{B^)nK = (D for each i, 

(3) bi^k n K = dhi^k n is an arc for each z, fc, 

(4) 6j n (IJj=i '^ji.B^)) = l~l '^ii.B'^) is a component of for each /c. 
Let J be an oriented knot (resp. a tangle) defined by 

I I 
J = KU{(jdb,,k) U -(jintidk^k^K) - |j7/;,(intA), 

j,fc i=l i,k 1=1 

where the orientation of J coincides that of K on K—\J^ ^ hi^k if is oriented. We call each 
bi^k a hand. Each image ipi{B^) is called a /m/c 6a//. We set Bi = ((«», Pi),ipi, {&j,i, &i,p(j)}) 
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and call Bi a Bpaychord. We denote J by J = Q{K; {Bi, ...,Bi\)^ and say that J is a 
band sum of K and chords Bi, ...,Bi or a feanc? sum of A' and ...,Bi}. 

From now on we consider knots up to ambient isotopy of and tangles up to ambient 
isotopy of relative to dB^ without explicit mention. 

By the definitions of ^fe-move and Bk-link model, we have 

Sublemma 4. (cf. [11, Sublemmas 3.3 and 3.5]) (1) A local move (Ti,T2) is a 
Bk-move if and only ifTi is a band sum ofT^ and a Bk-link model. 

(2) A knot J is obtained from a knot K by a single B^-move if and only if K is a 
band sum of J and a B^-link model. □ 

Note that, by Sublemma 4 (1), a set of knots K is a singular knot of type B{ki, ...,ki) ii 
and only if there is a knot K and a band sum J = 0,{K; {Bi, Bi}) of K and Sfc.-chords 
Bi {i — 1, I) such that 



Sublemma 5. (cf. [11, Sublemma 3.5]) Let K , J and I be oriented knots {or tangles). 
Suppose that J = Vl{K; {Bi, ...,Bi}) for some chords Bi,...,Bi and I = Q{J;{B}) for 
some Bk-chord B. Then there is a B^-chord B' such that I = fl{K;{Bi, ...,Bi,B'}). 
Moreover, if a subset P of {1, ...,/} satisfies that the link ball or the bands of B intersect 
either the link ball or the bands of Bj only ifi&P, then fl{fl{K;[j-^p{Bi}); {B}) = 



Proof. If the bands and the link ball of B are disjoint from those of Bi, ...,Bi then 
we have that / = Q{K; {Bi, ...,Bi, B}). If not then we deform I up to ambient isotopy as 
follows. By thinning and shrinking the bands and the link ball of B respectively, we may 
assume that the link ball of B intersects neither the bands nor the link balls oi Bi, ...,Bi. 
And by sliding the bands of B along J , we may also assume that the intersection of the 
bands with J is disjoint from the bands and the link balls of Bi, ...,Bi. Then we sweep 
the bands of B out of the link balls of Bi, ...,Bi. Note that this is always possible since 
the tangles of a local move are trivial. Finally we sweep the intersection of the bands of 
B and the bands olBi,...,Bi out of the intersection of the bands olBi, ...,Bi and K. Let 
B' be the result of the deformation of B described above. Then it is not hard to see that 
B' is a desired chord. □ 

By repeated applications of Sublemmas 4 and 5 we immediately have the following 
lemma. 

Lemma 6. (cf. [11, Lemma 3.6]) Let k be a positive integer and let K and J be 
oriented knots {or tangles). Then K and J are B}.- equivalent if and only if J is a band 
sum of K and some B^-link models. □ 

Since the local moves illustrated in Figs 4 and 5 are S^+i-move and Sj+fc_i-move 
respectively, the following two lemmas follow Sublemma 5. 
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Fig. 4 Fig. 5 

Lemma 7. (cf. [11, Lemma 3.8]) Let K, J = VL{K- [Bi, ...,BuBq}) and I = 
fl{K; {Bi, ...,Bi,Bq}) be oriented knots, where Bi,...,Bi are chords and Bo,Bq are Bk- 
chords. Suppose that J and I differ locally as illustrated in Fig 4, i.e., I is obtained from 
J by a crossing change between K and a band of Bq. Then I is obtained from J by a 
Bk+i-move. Moreover, there is a B^^i-chord B such that fl{K; (Uigpl'^*}) ^ {-^o}) = 
^{K; HM^i}) U {B'„ B}) for any subset P of {1, ...,/}.□ 

Lemma 8. (cf. [11, Lemma 3.9]) Let K, J = Vl{K] {Bi, ...,Bi,BQj,BQk}) and I = 
fl{K; {Bi, Bi, B'qj, B'q^}) be oriented knots, where Bi, Bi are chords andBoj, B'qj {resp. 
Bok,BQi^) are Bj-chords {resp. B^-chords) . Suppose that J and I differ locally as illus- 
trated in Fig 5. Then I is obtained from J by a Bj^i^_i-move. Moreover, there is a Bj^^-i- 
chord B such that Q{K; i[J,^p{B^}) U {Boj, Bok}) = ^{K; {[j,^p{B,}) U {B'^^, B',„ B}) for 
any subset P of {1, ...,l}. □ 

We call the change from J to / in Lemma 8 a band exchange. 

For Cfc-move, 'band description' is also defined, and Sublemmas 4, 5, Lemmas 6, 7 and 
8 hold [11]. But the proofs are not obvious as ours. In fact, little complicated arguments 
are needed. In contrast, we need some arguments to prove the following lemma, which is 
trivial for Cfc-move. 

Lemma 9. Let (Ti,T2) be a Bk-move. For any integer l{< k), T2 is obtained from 
Ti by Bi-moves. In particular, Bk-equivalence knots are Bi-equivalent. 

Proof. Let ti, and Mi, ...,Uk be the components with dti = dui {i = 1, k) of 
Ti and T2 respectively. We may assume that (Ti, T2) has a diagram in the unit disk such 
that both Ti — ti and T2 has no crossings. 

Since (Ti — ^2,^2 ~ ^2) is a trivial local move, T2 is obtained from Ti by i?2-moves 
that correspond to crossing changes between ti and ^2- By Lemma 6, Ti is a band sum 
fi(T2; B2) of T2 and a set B2 of -B2-chords. Note that any bands of the 52-chords does 
not intersect to T2 — (mi U U2). 

Since (fi(T2; B2) — ta, T2 — U3) = (Ti — t^, T2 — U3) is a trivial local move, T2 is obtained 
from Ti by i?3-moves that correspond to crossing changes between ^3 and some bands of 
the i?2-chords. By Lemma 6, Ti is a band sum Q{T2; B3) of T2 and a set B3 of Sa-chords. 
Note that any bands of the i?3-chords does not intersect to T2 — {ui U M2 U M3). 

Repeat these processes, then we have the conclusion. □ 
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3. Proofs of Theorems 1, 2 and 3. 



Proof of Theorem 3. Let ki, ki{> 2) be positive integer and k — 1 — {ki — l)-\ h 

{ki — 1). Let Kq be a knot and Ki a band sum of Kq and S^.^. -chords Bkjj {j — 1, 
It is sufficient to show that 



E (-1)""' 

PC{1,...,1} 



e IC/Bk, 



where [K] is the Sfe-equivalent class which contains a knot K. 
Set 



Claim. The knot Ki{= -ft'ii,. ..,/}) is B^- equivalent to a band sum of Ko{= K%) and 
a set of local chords Uijl'^tj} such that (1) Bi^j is a i?j-chord {i < k) and it has an 
associated subset u!{Bij) C {1, ...,/} with J^^g^^^g. .-^ikt — 1) < i — 1, and (2) for each 
PC{1,...,/} 

\ u,{Bij)cP 

Here a chord Bij is called a local chord if there is a 3-ball B such that B contains all of 
the bands and the link ball of Bij, B does not intersect any other bands and link balls, 
and that {B,B D Kq) is a trivial ball-arc pair. 

Before proving Claim, we will finish the proof of Theorem 3. Suppose Ki is Bk- 
equivalent to a band sum of Kq and some local chords Bij^s. Such a local chord Bij 
represents a knot Kij connected summed to Kq. So the band sum is a connected sum of 
Kq and Ki/s. Then we have 



E (-1)'^' 

Pc{i,...,i} 



n\KQ; U {%} 

u}{Bij)cP 



- E (-1)"'' [^o]+ E [K,,] 

PC{1,...,0 \ u,{Bi,j)cP 

= E (-i)'"'[^o]+ E (-!)'"'( E [^-] 

PC{l,...,l} PC{1,...,0 \uj(B,j)CP 

= 0+Ef E (-1)'"'! [^-]- 

id \Pc{l,...,l}MBi,j)CP J 

We consider the coefficient of [Kij]. Since '^tGuj{Bi j}i^t — 1) < k — 1, u;{Bij) is a proper 
subset of {!,...,/}. We may assume that u;{Bij) does not contain a e {!,...,/}. Then we 



6 



have 



PC{l,...,l},u;{l3^.,)CP 



Thus, we have the conclusion. □ 
Now we will show Claim. 



E (-1)'"' 

PC{l,...,l}\{a}MB^.,)CP 

+ ^ (_l)|PU{a}| ^ Q 

PC{l,...,l}\{a},ui{B^,j)cP 



Proof of Claim. We first set uo{Bk^^j) = {j} for j = Then we have 



E 



^^{kt — 1) = kj — 1 < k — 1 and 



a;{Bfc,,,)CP 



Note that a crossing change between bands can be realized by crossing changes between 
Kq and a band as illustrated in Fig. 6. Therefore we can deform each chord into a local 
chord by (i) crossing changes between Kq and bands, and (ii) band exchanges. 

(i) When we perform a crossing change between Kq and a 5p-band of a -Bp-chord 
Bp^q with p < A; — 2, by using Lemma 7, we introduce a new i?p+i-chord Bp+i^r and we 
set uj{Bp^i^r) = ^{Bp,g) so that the conditions (1) and (2) still holds. By Lemma 7, a 
crossing change between Kq and a i?fc-i-band is realized by a i?fc-move and therefore does 
not change the S^-equivalence class. 

(ii) When we perform a band exchange between a -Bp-chord Bp^q and a -B^-chord Br^s 
with p + r < k, then, by using Lemma 8, we introduce a new -Bp+j._i-chord i3p+r-i,n 
and set u{Bp+r-i,n) = ^{.^p,q) U Ci;(i3r_s) so that the conditions (1) and (2) still holds. By 
Lemmas 8 and 9, a band exchange between a -Bp-chord Bp^q and a -B^-chord Br,s with 
j9 + r > A; -|- 1 does not change the -B^-equivalence class. □ 



Fig. 6 



Proof of Theorem 2. It is sufficient to show that the existence of the inverse element. 
Let -f^ be a knot. Suppose that there is a knot J such that K^J is -B^-equivalent to a 
trivial knot O. Then, by Lemma 6, we have that O is a band sum of K^J and some 
-Bfc-chords. By using Lemma 7, we deform O up to -B^+i-equivalence so that the B^- 
chords are local chords. Then we have that the result is a connected sum of K^J and 
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some knots Ki, Kn that correspond to the local chords. Namely K^Jjj^Kijj^ ■ ■ ■ jj^Kn 
is i?fc_|_i-equivalent to O. Thus J^Ki^ ■ ■ ■ i^Kn is the desired knot. □ 

Proof of Theorem 1. It is not hard to see that a -B/+i-equivalence knots are /-similar 
[8] ((/ - l)-equivalent [1]). 

By Theorem 3, the projection pi^i : /C — > JC/Bi^i is a Vassiliev invariant of order 
< I — 1. If two knots have same values of any Vassiliev invariant of order < I — 1, then 
they are S;+i-equivalent. □ 
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